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Abstract
We discuss massive scalar perturbations of a Schwarzschild black hole. We argue that
quantum effects alter the effective potential near the horizon resulting in Poincare´ recur-
rences in Green functions. Results at the semi-classical level are independent of the details
of the modification of the potential provided its minimum near the horizon is inversely
proportional to the square of the Poincare´ time. This modification may be viewed as a
change in the near-horizon geometry. We consider explicitly the examples of a brick wall,
a smooth cutoff and a wormhole-like modification showing that they all lead to the same
results at leading order.
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1 Introduction
The decay of a black hole through Hawking radiation [1] has led to the information loss
paradox questioning the unitary evolution of a black hole. This issue has attracted a lot
of attention and despite considerable effort [2–4] it remains unsettled. In principle, its
resolution lies within string theory which is a unitary quantum theory containing gravity.
Unfortunately, calculations beyond the semi-classical order are cumbersome. Moreover, it
appears that perturbation theory is not adequate for understanding the information loss
paradox [5, 6]. The argument is based on the Poincare´ recurrence theorem. Since the
entropy of the black hole is finite, one expects that, once perturbed, the black hole will
never relax back to its original state if its evolution is unitary. The perturbation should be
quasi-periodic with a large period
tP ∼ eS (1)
where S is the entropy of the black hole. For times t ≪ tP , the system will look like it is
decaying back to thermal equilibrium, which explains the blackbody spectrum of Hawking
radiation in the semi-classical regime. However, if one waits long enough, for t & tP , the
perturbation should return to its original state (or close) an infinite number of times. This
behavior should be evident in any correlator. The thermal correlator one obtains semi-
classically contains O(1/tP ) corrections which become important only for times t & tP [11].
Given the universal Bekenstein-Hawking form of the entropy
SBH =
Ah
4G
(2)
where Ah is the area of the horizon and G is Newton’s constant, it is evident that the
Poincare´ recurrence time (1) is generically
tP ∼ O(e1/G) (3)
It follows that the corrections which are responsible for restoring unitarity to the ther-
mal semi-classical state are O(e−1/G). Their understanding requires inclusion of non-
perturbative effects. Studying these late-time effects is important not only for showing
that quantum gravity is a unitary theory, but also in view of the possibility of observing
decaying black holes at the LHC.
The finiteness the Poincare´ recurrence time relies on the finiteness of the entropy. The
latter is complicated by the introduction of a perturbation. Once a matter field is added, it
contributes to the entropy an infinite quantity due to the infinite blue-shift experienced by
an in-falling object near the horizon. To tackle the infinities, ’t Hooft introduced an artificial
“brick wall” just outside the horizon beyond which a particle cannot propagate [7]. It was
subsequently understood that infinities may be absorbed by the gravitational constants
and the total entropy is finite when expressed in terms of physical parameters as in any
renormalizable field theory [8, 9]. The form (2) of the entropy, including these quantum
effects, remains unchanged.
In the case of asymptotically AdS space-times, the AdS/CFT correspondence [10] offers
an additional tool in the study of unitarity, because the CFT on the boundary of AdS is a
unitary field theory [11–17]. It was argued by Solodukhin [17] that quantum effects replace
the horizon by a wormhole of narrow throat ∼ O(1/tP ).
There is no similar correspondence principle in asymptotically flat space-times. How-
ever, the Poincare´ recurrence theorem should still hold. To lend support to this claim,
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we calculated the two-point function of a massive scalar field in the background of a two-
dimensional dilaton black hole [18]. By concentrating on the dynamics near the horizon,
we argued that the effective potential was modified by quantum effects. For an explicit
calculation, we concentrated on a wormhole modification. However, the results were inde-
pendent of the detailed shape of the effective potential. We demonstrated that the two-point
function exhibited Poincare´ recurrences, as expected.
Here we extend the discussion of [18] to the physically more relevant case of a four-
dimensional Schwarzschild black hole. We consider a massive scalar field and modify its
effective potential near the horizon. We calculate the propagator using the modified poten-
tial semi-classically and arrive at expressions exhibiting Poincare´ recurrences. Our results
are independent of the details of the modification at leading order. Thus, we provide evi-
dence that Poincare´ recurrences are a generic feature of such modifications.
In detail, we start in section 2 with a review of the effective action of the matter field
and its effect on the entropy of the black hole following [9]. We then calculate the two-point
function and obtain the decaying behavior characteristic of a system in thermal equilibrium.
In section 3 we discuss various modifications of the effective potential near the horizon and
show that they all lead to the same results for the two-point function including Poincare´
recurrences. Finally in section 4 we discuss the generic features of our argument and present
our conclusions.
2 Massive scalar field
In this section we consider a gravitational field coupled to a massive scalar field and show
how the latter renormalizes the gravitational constants parametrizing the gravitational
action. We also calculate the effcts on thermodynamic quantities in the semi-classical
approximation. This is a review of the discussion in [9] and is presented for completeness
and to fix the notation. We then calculate the two-point function of the matter field and
exhibit its decaying behavior in the thermal bath.
Consider the Einstein-Hilbert gravitational action in four dimensions,
Igr =
1
16piG
∫
d4x
√−g (R− 2Λ) (4)
where G is Newton’s constant and Λ is the cosmological constant. Let us add a massive
scalar field φ of mass m with action
Imatter =
1
2
∫
d4x
√−g [(∇φ)2 −m2φ2] (5)
After integrating over the scalar field in the path integral, we arrive at an effective action
which is divergent. The divergences may be eliminated by a Pauli-Villars regularization [9].
We need to add a pair of scalar fields of (large) mass M1, a pair of scalar fields of mass
M2 each obeying wrong statistics and a fifth scalar field of wrong statistics and mass M3,
where
M1 =
√
3M2 +m2 , M2 =
√
M2 +m2 , M3 =
√
4M2 +m2 (6)
We obtain the effective action
Wmatter =
1
32pi2
∫
d4x
√−g(A0a0(x) +A1a1(x) +A2a2(x) + . . .) (7)
3
where the dots represent finite contributions. The various invariants are
a0(x) = 1 , a1(x) =
1
6
R , a2(x) =
1
180
RabcdRabcd− 1
180
RabRab+
1
30
R+
1
72
R2 (8)
and their coefficients are given, respectively, by
A0 = 2M
4 ln
M2M
8
3
M91
+ 4m2M2 ln
M2M
2
3
M31
+m4 ln
M22M3
mM21
A1 = 4M
2 ln
M31
M2M23
+m2 ln
mM21
M22M3
A2 = 2 ln
M3M
2
2
mM21
(9)
in terms of the mass parameters (6). They diverge as M →∞.
The first two terms in the effective action (7) are of the same type as the terms in the
Einstein-Hilbart action (4) and lead to a renormalization of Newton’s constant G,
1
GR
=
1
G
+
1
12pi
A1 (10)
and similarly for the cosmological constant Λ. The third term leads to a renormalization
of additional terms in the gravitational effective action,
δIgr =
1
4pi
∫
d4x
√−g
[
κ1R
2 + κ2RabR
ab + κ3RabcdR
abcd
]
(11)
Notice that there is no term proportional to R, because it is a total derivative. We deduce
from (8)
κ1R = κ1 +
1
576pi
A2 , κ2R = κ2 − 1
1440pi
A2 , κ3R = κ3 +
1
1440pi
A2 (12)
The Schwarzschild black hole solves the field equations of the Einstein-Hilbert action (4)
with vanishing cosmological constant. The metric is
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22 , f(r) = 1−
r0
r
(13)
The horizon is located at r = r0. The Hawking temperature is given by
TH =
f ′(r0)
4pi
=
1
4pir0
(14)
The entropy of the gravitational system has a contribution of the Bekenstein-Hawking form
(2) where Ah = 4pir20. In what follows, we shall choose units so that the radius of the
horizon is r0 = 1.
The entropy receives an additional contribution (independent of the area of the horizon)
from the addtional terms (11) in the gravitational effective action,
δSgr = −8piκ2 + 16piκ3 (15)
Notice that the first term which is proportional to κ1 does not contribute because R = 0
for the black hole (13).
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The above expressions are modified by the addition of the matter field with dynamics
determined by the action (5). By varying the action (5), we obtain the wave equation for
a massive scalar field in the background (13),
φ+m2φ = 0 (16)
After decomposing the scalar field,
φ(r,Ω2, t) =
1
r
Φωl(r)Ylm(Ω2)e
−iωt (17)
the wave equation (16) can be written in a Schro¨dinger-like form
−Φ′′ωl + (V [r(z)] − ω2)Φωl = 0 (18)
where a prime denotes differentiation with respect to the “tortoise coordinate” z given by
z =
∫
dr
f(r)
= r − 1 + ln(r − 1) (19)
and the potential is
V (r) = f(r)
[
l(l + 1)
r2
+
1
r3
+m2
]
(20)
The horizon is located at z = −∞. To study the behavior of the scalar field in the observable
region outside the horizon, we need to solve the Schro¨dinger equation (18) along the entire
real axis. For a complete understanding of the quantum system, we also need to study a
similar equation inside the horizon and then match the wavefunctions across the horizon.
We shall not address this issue here.
In the WKB approximation, the wave-function for z < z0, where V [r(z0)] = ω
2, is
ΦWKBωl (z) = C sin
(
pm(z) +
pi
4
)
, pm(z) =
∫ z0
z
dz′
√
ω2 − V [r(z′)] (21)
where C is a normalization constant. We have
pm(z) = −ωz + θm(ω) + . . . , θm(ω) = ωz0 +
∫ z0
−∞
dz′
(√
ω2 − V [r(z′)]− ω
)
(22)
where the dots represent terms that vanish as we approach the horizon. The wave-function
(21) near the horizon becomes
ΦWKBωl (z) ≈ C′
[
eiωz + ei(2θm(ω)−
pi
2
)e−iωz
]
(23)
where C′ = 12e−i(θm(ω)−
pi
4
)C. Thus near the horizon we obtain plane waves of wavenumber
k = ω (24)
This is the dispersion relation for a massless free field. The mass m of the scalar field does
not contribute in this region because of the infinite blue shift. We shall argue in section
3 that quantum effects alter this dispersion relation by an effective small mass term. The
latter corresponds to a large but finite blue shift at the horizon and is inversely proportional
to the Poincare´ time. It is therefore much smaller than the mass m, yet finite.
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The phase θm(ω) may be calculated by expanding in ω which amounts to an expansion
of the potential near the horizon. We obtain
θm(ω) = −2ω + ω ln 4ω
2
vm
+
2(2vm + 1)
3v2m
ω3 + . . . , vm = V
′(1) = l(l+1) + 1+m2 (25)
where we used (20) and (22).
Turning to a calculation of thermodynamic quantities, we start with the free energy
which, at temperature T , is given by the WKB expression [7]
F = − 1
pi
∫
∞
0
dω
eω/T − 1
∫
dl(2l + 1)pm(−∞) (26)
We are interested in the case where T = TH (eq. (14)), but it is convenient to work with
the above “off-shell” quantity in order to calculate thermodynamic quantities [19]. The
right-hand side of eq. (26) is a divergent expression. However, it is not a physical quantity;
the free energy of the system has contributions from the Pauli-Villars fields as well as the
gravitational field. Adding the contributions of the Pauli-Villars regulators, we obtain a
regulated expression for the free energy from matter fields which can be written in terms of
preg(z) = pm(z) + 2pM1(z)− 2pM2(z)− pM3(z) (27)
where the various terms are found from (21) with the definitions (6). In the limit z → −∞,
we obtain a finite expression
preg(−∞) = θm(ω) + 2θM1(ω)− 2θM2(ω)− θM3(ω) (28)
The free energy (26) is corrected to the finite quantity
Freg ≡ − 1
pi
∫
∞
0
dω
eω/T − 1
∫
dl(2l + 1)preg(−∞) (29)
Using (25), we obtain
Freg = −pi
6
A1T
2 − 2pi
3
15
A2T
4 + . . . (30)
where we have only exhibited the divergent terms as the Pauli-Villars regulator is removed
(M →∞).
The entropy contribution of the matter field is
Sreg = − ∂Freg
∂T
∣∣∣∣
T=TH
=
1
12
A1 +
1
60
A2 (31)
Including the gravitational contribution (2) and (15), the total entropy is
Stotal = SBH + δSgr + Sreg =
Ah
4GR
− 8piκ2R + 16piκ3R (32)
a finite quantity once expressed in terms of the physical constants GR (eq. (10)) and κ2R,
κ3R (12).
Next, we calculate the two-point function. We shall calculate the correlator of the time
derivative of the scalar field, φ˙, rather than of the field φ itself, in order to avoid unnec-
essary complications due to the logarithmic behavior of the (effectively two-dimensional)
propagator.
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The two-point function at temperature TH can be written as
G(t, z; t′, z′) ≡ 〈{φ˙(t, z,Ω2) , φ˙(t′, z′,Ω′2)}〉TH =
∑
n
G0(t+ in/TH , z,Ω2; t
′, z′,Ω′2) (33)
in terms of zero-temperature correlators. The latter may be expanded in a multipole ex-
pansion. For a given quantum number l, we obtain the zero temperature two-point function
Gl0(t, z; t
′, z′) =
∫
∞
0
dω ω e−iω(t−t
′)Φωl(z)Φ
∗
ωl(z
′) (34)
Let us set z = z′ and t′ = 0 in order to calculate the time correlator. Moreover, to arrive
at explicit expressions, we shall concentrate in the region near the horizon. Using the
approximation (23) near the horizon, we obtain
Gl0(t) ≡ Gl0(t, z; 0, z) ≈
1
pit2
(35)
The z-dependent terms are easily seen to give vanishing contributions at the horizon (z →
−∞). After performing the sum in (33), we find
Gl(t) =
∑
n
Gl0(t+ in/TH) ≈
piT 2H
sinh2 piTH t
(36)
Evidently, the two-point function decays exponentially as t→∞,
Gl(t) ≈ 4piT 2He−2piTH t (37)
independently of the quantum number l.
We thus obtained a behavior akin to systems in thermodynamic equilibrium. However,
the entropy of the black hole is large but finite (eq. (32)), including the effects of the
matter field. On the other hand, in the calculation of the two-point function there was
no contribution from the gravitational field. Its role was to provide the background (13).
In a fixed background, there are no divergences in correlation functions due to curvature,
but the entropy is infinite, as is evident from (31) if we remove the Pauli-Villars regulator
(see eq. (9)). We need to add the gravitational contribution to make the entropy finite.
Neither the matter nor the gravitational contribution can be independently defined. If, as
expected from the Poincare´ recurrence theorem, the thermal behavior (37) ought to receive
O(e−S) corrections, these vanish in a fixed background, because the entropy is infinite. The
corrections are exponentially small but finite if one includes gravitational effects using the
total entropy (32) instead. How this comes about is not clear.
In the next section, we assume that gravitational effects amount to a modification of
the effective potential (20) near the horizon and consider various examples. In all cases,
we obtain Poincare´ recurrences. The results are independent of the details of the modified
potential.
3 Effective potential
In this section we consider the possibility of quantum effects altering the effective potential
(20) near the horizon. We consider three explicit examples (a “brick wall” [7], a smooth
cutoff and a “wormhole” [17]) and show that they all lead to Poincare´ recurrencies. Our
results at leading order are independent of the shape of the modified potential.
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3.1 A “brick wall”
Following ’t Hooft [7], let us place a brick wall right outside the horizon at
r = 1 + h , 0 < h≪ 1 (38)
imposing the boundary condition
φ
∣∣∣
r=1+h
= 0 (39)
In the semi-classical approximation, this boundary condition restricts the WKB wavefunc-
tions (21) to those satisfying the quantization condition
pm(zmin) = npi − pi
4
, zmin = h+ lnh ≈ lnh (40)
For an explicit expression, we note that we may use the expansion (22) for z → −∞ with a
slight (but important) modification, because we restrict attention to z ≥ zmin. We obtain
pm(z) = −kz + θ˜m(k) + . . . , θ˜m(k) = kz0 +
∫ z0
zmin
(√
ω2 − V [r(z′)]− k
)
(41)
where
k2 = ω2 − V [r(zmin)] (42)
Thus, by inserting the brick wall, we have modified the dispersion relation (24) to one with
a small effective mass which is related to the minimum of the potential,
ω2 = k2 +m2eff , m
2
eff = V [r(zmin)] ≈ vmh (43)
where vm is defined in (25).
The quantization condition (40) yields the discrete spectrum of wavenumbers
k ≈
(
n+
1
4
)
pi
ln 1h
, n ∈ Z (44)
It follows that Green functions are periodic under the radial shift
z → z + Leff , Leff = ln 1
h
(45)
In particular, using the method of images, the zero temperature two-point function for the
lth partial wave (34) is modified to
Gl0(t, z; t
′, z′) =
∑
n
∫
∞
0
dk k e−iω(t−t
′)Φωl(z + nLeff)Φ
∗
ωl(z
′) (46)
We shall calculate this correlator following a similar calculation in [6]. Each term in the
series can be written in terms of the two-point function of a free massive field of mass meff
in two-dimensional flat space on account of the dispersion relation (43). Setting z′ = z and
t′ = 0 for simplicity, we obtain
Gl0(t) ≡ Gl0(t, z; 0, z) = −
1
2
∑
n
H¨
(2)
0 (meff
√
t2 + n2L2eff) (47)
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For small t . 1, only the term with n = 0 contributes (in the other terms, the argument
of the Hankel function is approximately constant, so the time derivative is numerically
negligible). We obtain
Gl0(t) ≈
1
pit2
(48)
exhibiting a power law decaying behavior for large t, which turns into an exponential decay
(eq. (37)) once temperature effects are included. This is in agreement with our earlier
results without the brick wall (eqs. (35) and (36)).
For large t (t & 1), however, this approximation is no longer valid. For t ≫ 1meff , we
may approximate the sum in eq. (47) by an integral. After some algebra, we arrive at [6]
Gl0(t) ≈
pimeff
2Leff
e−imeff t (49)
exhibiting periodicity with period (Poincare´ time)
tP =
2pi
meff
(50)
Including temperature effects does not alter the above result of periodicity because the
Green function at finite temperature may be written as a series (eq. (33)) each term of
which is periodic with period given by eq. (50).
Expressing the Poincare´ time in terms of the entropy of the system (eq. (1)), we deduce
meff ∼ e−S (51)
Thus the effective mass is exponentially small and may only arise due to non-perturbative
effacts. In terms of the distance parameter h, we deduce from (43)
√
h ∼ 1
tP
∼ e−S (52)
Therefore, the two-point function (49) may be written asymptotically in terms of the
Poincare´ time as
Gl0(t) ∼
1
tP ln tP
e−2piit/tP (53)
Summarizing, by introducing the brick wall (39), we obtained a modified two-point function
which coincided with the one we obtained in the previous section without a brick wall for
times t . 1 ∼ 1TH and exhibited Poincare´ recurrences for long times t≫
1
TH
.
We should point out that with the cutoff (39), we obtain finite thermodynamic quan-
tities. Indeed, it follows from (26) that the free energy is finite since pm(z) should be
evaluated at the wall (40) instead of at the horizon (z → −∞). This yields an expression
dependent on h which diverges as h → 0. Likewise, we obtain an entropy contribution
which also depends on h [7]. However, we may draw no conclusions on the parameter h
from entropy considerations, because the total entropy includes a contribution from the
Pauli-Villars fields. The terms that depend on h all cancel and the final expression is
independent of h (eq. (31)).
Next, we replace the sharp cutoff (39) with a smooth modification of the potential (20)
and show that the results remain unchanged at leading order.
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3.2 A smooth cutoff
Instead of the brick wall, let us make a smooth modification of the potential (20),
V (r)→ V (r) + ξ
2
vm
f(r)
, 0 < ξ ≪ 1 (54)
where vm is defined in (25). The potential now diverges at the horizon. The change is only
significant near the horizon, for r − 1 . ξ. To see this, use V (r) ≈ (r − 1)vm. We have
V (r) ∼ ξ2vmf(r) when f(r) ≈ r − 1 ∼ ξ. The parameter ξ is a physical parameter playing a
role similar to the role of h (eq. (38)) in the case of a brick wall. We shall calculate its value
by calculating its effects on a physical quantity (the two-point function).
The modification (54) of the potential may be viewed as a change in geometry near the
horizon. Indeed, suppose that the metric (13) outside the horizon changes to
ds2 = gtt(r)dt
2 +
dr2
f(r)
+ r2dΩ22 , gtt = −f(r) +O(ξ2) (55)
The scalar wave eq. (16) for the field (17) changes to
−1
r
√
− f(r)
gtt(r)
(
r2
√
−f(r)gtt(r)
(
Φωl
r
)
′
)′
+
ω2
−gtt(r) Φωl −
l(l + 1)
r2
Φωl = m
2Φωl (56)
To turn this into a Schro¨dinger-like equation, we introduce the modified “tortoise coordi-
nate” z˜, where
dr
dz˜
=
√
−f(r)gtt(r) (57)
After some massaging, we obtain from (56)
−Φ′′ωl + {V˜ [r(z˜)]− ω2}Φωl = 0 (58)
where a prime now denotes differentiation with respect to z˜ (57) and the potential is
V˜ (r) = −gtt(r)
[
l(l + 1)
r2
+
1
2r3
+m2
]
− f(r)
2r
g′tt(r) (59)
replacing eq. (20).
Setting
gtt(r) = −f(r)− ξ
2
f(r)
(60)
the modified potential (59) becomes
V˜ (r) = V (r) + δV , δV =
ξ2
f(r)
[
l(l + 1)
r2
+m2
]
(61)
Near the horizon, the additional contribution is δV ≈ ξ2(vm−1)/f(r), matching the desired
form (54) with the substitution vm → vm − 1. Away from the horizon, the modification is
negligible.
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Next, we proceed to solve the Schro¨dinger-like wave equation (58). The modified “tor-
toise coordinate” is found explicitly as a function of r by integrating (57),
z˜ =
r
√
f2(r) + ξ2
1 + ξ2
+
1
(1 + ξ2)3/2
ln
r
2
[
f(r) + ξ2√
1 + ξ2
+
√
f2(r) + ξ2
]
(62)
The horizon (r = 1) is mapped at
z˜h =
ξ
1 + ξ2
+
1
(1 + ξ2)3/2
ln
1
2
[
ξ2√
1 + ξ2
+ ξ
]
≈ ln ξ
2
(63)
We therefore need to solve the Schro¨dinger equation in the interval [zh,∞). The minimum
of the potential (61) is at
rmin ≈ 1 + ξ
√
vm − 1
vm
(64)
which in terms of z˜ is very close to z˜h. As before (cf. eq. (43)), the minimum value of the
potential provides an effective mass,
m2eff = V˜ (rmin) ≈ 2ξ
√
vm(vm − 1) (65)
In the WKB approximation the wavefunction for z˜ ∈ [z˜1, z˜2] reads
ΦWKBωl (z˜) = C sin
(
p˜m(z˜) +
pi
4
)
, p˜m(z˜) =
∫ z˜2
z˜
dz˜′
√
ω2 − V˜ [r(z˜′)] (66)
where z˜1,2 are zeroes of the expression under the square root. Frequencies are quantized
under the Bohr-Sommerfeld quantization condition
p˜m(z˜1) = npi +
pi
2
(67)
The larger turning point z˜2 is in a region where the modification of the potential is negligible,
therefore z˜2 ≈ z0 (see eq. (21)). The smaller turning point z˜1 is even closer to the horizon
than the minimum of the potential, therefore z˜1 ≈ z˜h (eq. (63)). Expanding around the
minimum of the potential, we obtain from (66),
p˜m(z˜) ≈ −kz˜ , ω2 = k2 +m2eff (68)
The quantization condition (67) then yields
k ≈
(
n+
1
2
)
pi
Leff
, Leff = ln
2
ξ
(69)
where we used (63).
The calculation of the two-point function proceeds as in the case of the brick wall. We
obtain the decaying behavior of eq. (48) for times t . 1TH . For longer times (t ≫
1
TH
), we
obtain the oscillatory behavior of eq. (49). Using (50) and (65), we obtain the parameter ξ,√
ξ ∼ 1
tP
∼ e−S (70)
as with h in the case of a brick wall (eq. (52)).
Substituting the values of the parameters (65), (69) and (70) in eq. (49), we obtain the
asymptotic form of the two-point function
Gl0(t) ∼
1
tP ln tP
e−2piit/tP (71)
which coincides with our earlier result (53) for the brick wall.
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3.3 A “wormhole”
The smooth cutoff we considered above amounted to a modification of the geometry near
the horizon which was singular at the horizon (eq. (60)). Here, we consider a case in which
gtt approaches a (non-vanishing) finite value at the horizon. This modification effectively
replaces the horizon with the throat of a wormhole [17].
For explicit calculations, we set
gtt(r) = −f(r)− λ2 , 0 < λ≪ 1 (72)
This modification leads to a modified “tortoise coordinate” z˜ (57) and a Schro¨dinger-like
wave equation (58) with the modified potential (59). By integrating (57), we obtain
z˜ =
√
(r − 1)[(1 + λ2)r − 1]
1 + λ2
+
1 + λ2/2
(1 + λ2)3/2
ln
√
1 + λ2
λ2/2
[
(1 + λ2)r − 1− λ2/2√
1 + λ2
+
√
(r − 1)[(1 + λ2)r − 1]
]
(73)
where we chose the integration constant so that z˜ = 0 at the horizon (r = 1) for convenience.
Thus, the region outside the horizon is mapped onto the positive real axis on the z˜ plane.
However, we are not to solve the Schro¨dinger equation (58) for z˜ ∈ [0,∞), because the
modified potential is regular at z˜ = 0. Indeed, from (59) and (72), we obtain
V˜ (r) = V (r) + δV , δV = λ2
[
l(l + 1)
r2
+
1
2r3
+m2
]
(74)
Unlike the previous case (eq. (61)), δV is regular and has a finite value at the horizon.
Therefore, there is no obvious boundary condition at what was the horizon before the
modification (72) that one can impose. In fact, in the absence of a horizon, there is no
reason not to include the region z˜ < 0.
To understand the geometric meaning of this continuation, notice that z˜ is only defined
for r > 1. The unobservable region inside the horizon of the black hole is inaccessible after
the modification (72). This is because only grr =
1
f(r) (eq. (13)) changes sign if we cross
the horizon and not gtt (eq. (72)). The modified metric in terms of z˜ reads
ds2 =
(
1− 1
r
+ λ2
)
[−dt2 + dz˜2] + r2dΩ22 (75)
where we used (57) and (72). The coordinate r is given in terms of z˜ through (73) for r > 1.
Thus (75) is the metric for the patch z˜ > 0. Picking the negative square root in (57) leads
to the same metric defined on the patch z˜ < 0. In the latter patch, r is still given by (73)
but with z˜ replaced by −z˜. The two patches are bridged together by a wormhole at z˜ = 0.
The resulting metric is smooth. This can be seen by zooming onto the throat at z˜ = 0.
Eq. (73) may then be inverted to give
r − 1 ≈ f(r) ≈ λ2 sinh2 z˜
2
(76)
and the metric (75) becomes
ds2 ≈ λ2 cosh2 z˜
2
[−dt2 + dz˜2] + dΩ22 (77)
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with no singularity at z˜ = 0.
It follows that we ought to solve the wave equation in the entire spacetime defined by
(75) which includes both sides of the wormhole. Therefore, we shall solve the Schro¨dinger
equation (58) for z˜ ∈ R. The modified potential (74) is an even function of z˜. Its minimum
is at z˜ = 0. As before, it provides an effective mass
m2eff = V˜ (1) = λ
2
[
vm − 1
2
]
(78)
to be compared with (43) and (65).
In the WKB approximation, we obtain the wavefunctions
ΦWKBωl (z˜) = C sin
(
p˜m(z˜) +
pi
4
)
, p˜m(z˜) =
∫ z˜0
z˜
dz˜′
√
ω2 − V˜ [r(z˜′)] (79)
for |z˜| ≤ z˜0, where V˜ [r(z˜0)] = ω2. The explicit form of z˜0 is found by comparing with the
wave equation discussed in section 2. Notice that the modified tortoise coordinate z˜ (73) is
related to the tortoise coordinate (19) away from the horizon (for r − 1≫ λ) by
z˜ ≈ ln 2
λ2
+ z (80)
It follows from (21) that
z˜0 ≈ ln 2
λ2
+ z0 (81)
The explicit form of z0 is not needed, because z0 ≪ ln 2λ2 .
The Bohr-Sommerfeld quantization condition reads
p˜m(−z˜0) = 2pm(0) = npi + pi
2
(82)
Using (41), after substituting the tortoise coordinate and potential of the wormhole, we
deduce
p˜m(z˜) ≈ −k(z˜ − z˜0) , ω2 = k2 +m2eff (83)
The quantization condition (82) reads
k ≈
(
n+
1
2
)
pi
Leff
, Leff = 2 ln
2
λ2
(84)
We may now calculate the two-point function as in the other two cases. We obtain the
decaying behavior of eq. (48) for times t . 1TH , whereas for times t ≫
1
TH
we obtain the
oscillatory behavior of eq. (49).
The parameter λ may then be deduced from (50) and (78),
λ ∼ 1
tP
∼ e−S (85)
The asymptotic form of the two-point function (49) may be written in terms of the Poincare´
time using (78), (84) and (85),
Gl0(t) ∼
1
tP ln tP
e−2piit/tP (86)
Thus, even though the geometry was different, the asymptotic form of the time correlator
proved to be the same as in the other two cases (eqs. (53) and (71), respectively).
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4 Conclusions
We discussed the dynamics of a massive scalar field outside the horizon of a Schwarzschild
black hole. In the semi-classical approximation, one obtains time correlators which decay
exponentially as expected of correlators in a thermal bath. Since the black hole has finite
entropy S, if one waits long enough, one should observe Poincare´ recurrences with long
period (Poincare´ time) tP ∼ eS . The thermal correlators should contain corrections O(e−S)
which will become important at later times thus restoring unitarity. Understanding how
this emerges in the dynamics of a matter field is not straightforward because the latter
contributes an infinite amount to the entropy of the black hole. Consequently, the O(e−S)
corrections one expects vanish. The infinite corrections to the entropy were understood in
terms of standard renormalization of the gravitational parameters (Newton’s constant, etc)
[9]. The O(e−S) corrections to correlators of matter fields are yet to be understood.
Without trying to probe the origin of these corrections, we considered examples of pos-
sible modifications of the effective potential of matter fields due to quantum effects. Using a
semi-classical approximation, we calculated the time correlator of a massive scalar field and
obtained the same asymptotic form in all cases we considered (eq. (53)) exhibiting Poincare´
recurrences. Thus results appear to be independent of the details of the modification of
the potential. These modifications may be attributed to a change in the geometry near
the horizon due to quantum effects. In some cases, the geometrical picture seems to differ
drastically. For example, in the case of a “wormhole” [17], the modification seems to lead
to inaccessibility of the interior of the black hole including the singularity (for the geometry
with metric (75)). However, these modifications are not valid away from the horizon at a
macroscopic distance where they should be matched with the Schwarzschild metric (13).
All cases we considered shared key features: the potential had a minimum which led to
a small but finite effective mass meff ∼ 1/tP ∼ e−S parametrizing the corrections to the
thermal correlators. Moreover, the potential was fairly flat over a distance Leff ∼ ln tP ∼ S
in the radial direction (in terms of the “tortoise coordinate”) rising beyond the flat region.
This allowed the analytic solution of the Schro¨dinger-like wave equation in the semi-classical
approximation. Details of the shape were not important at leading order.
It should be pointed out that our analysis concentrated on the region outside the horizon.
It would be interesting to apply a similar analysis to the unobservable region inside the
horizon and match the results across the horizon. This ought to shed light on the evolution
of a black hole beyond the thermal state of Hawking radiation.
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